Abstract--The authors discuss the relation of the oscillation of the following two difference equations,
I. INTRODUCTION %Ve consider the higher-order nonlinear difference equation
Amxn-1 + f (n, xr(n)) = 0, A solution {x~} of (1.1) is said to be eventually positive, if x~ > 0, for all large n, and eventually negative, if x~ < 0, for all large n. It is said to be oscillatory, if it is neither eventually positive nor eventually negative. An equation is said to be oscillatory, if every solution of this equation is oscillatory.
We will establish some comparison theorems for the oscillation of (1.1) and (1.2). Especially, for m to be even, we will prove that every solution of (1.1) oscillates, if and only if, every solution of (1.2) oscillates.
RESULTS
First, we need the following lemma.
has a positive solution on n >_ N1 > O, so does the equation,
PROOF. Let {x~} be a positive solution of (2.1) on n > N1. Choose N2 > N1, so that r(n) _> N1, for n > N2. Summing (2.1) from N2 to n, we obtain
Let y(1) = x~, for n > N1. Define and k = 2, 3, ....
In view of (2.3), we have
Hence, lira y(k) = Yn exists, n >_ N2. From (2.4), we have n>_N2,
N1 < n < N2,
for n >_ N2.
(2.4)
which implies that {y~} is a positive solution of (2.2). The proof is complete. |
We consider the equation, Amxn_l + f* (n, Xr(~)) = 0, (2 (--1)m+k-lAkXn > 0, k = l + 1,..., m -1, n _> N3. Thus, if m is even, or m is odd and {x~} is unbounded, then, I > 1. Summing (1.1) from sl to s2 -1, s2 > sl _> Na, we obtain
and, hence, By successive summations of the above inequality from st to s2, s2 > Sl _> N3, discarding positive terms, we obtain
In particular, 
Hence, {y,} satisfies (2.6), i.e.,
If m is odd, then, AUys > 0 and, hence, y~ is unbounded.
Next, we assume {x~} is a negative solution of (1.1), say x, < 0, n _> N2. Let u,~ = -x~ > 0, then, {us} is a positive solution of (2.5), which is unbounded, if m is odd and {x~} is unbounded. By the above conclusion, the equation,
has a positive solution {Vn}. Let y~ = -v,~, then, {y~} is a solution of (2.13) and that of (2.6) and which is unbounded when m is odd. The proof is complete. | If ~-(n) > n, from (2.7) and the fact that x~ is increasing, we can obtain 
where ~ : N -+ N, lira or(n) = oc. 
T(o~) x~ F (~) x
n--1 " --E j = 1, 2, , z, i=Na which satisfy (2.9) and (2.11). Hence, by successive summations of (2.16), we have
Axn-1 > T(~) x
n > N3.
--l--1 n,
Since T(n) > a(n) and f is nondecreasing in x, we have
Axn_l > T(~)x
--1--1 n, and, hence, by Lemma 2.1, the equation,
has a nonoscillatory solution {Yn}, which is unbounded when m is odd. By successive differences of equation Ay~-I --Tl(~yn, we conclude that {y~} satisfies (2.15). Now, if we assume x~ < 0, n > N1 is a solution of (1.1), then, the equation,
has a positive solution {v,}, which is unbounded when m is odd. Hence, y, = -v, is a solution of (2.17), which satisfies (2.15). The proof is complete. | Since n -T(n) is bounded, we have the following conclusions. For m odd, if n -M _< T(n) _< n holds, then, we can get the following result.
J THEOREM 2.4. For m odd, if n -M <_ ~-(n) <_ n, then, every nonoscillatory solution of (1.1) is bounded, if and only if, every nonoscillatory solution of (1.2) is bounded.
PROOF. Since n -M < T(n) ~ n, M is a positive integer.
Set a(n) = n -M, s = a(n), and y~ = x~; then, we have
Sufficiency, i.e., if every nonoscillatory solution of (1.2) is bounded, so does (1.1). From the above argument, every nonoscillatory solution of (1.2)is bounded implies that of (2.18), then, the result follows from Theorem 2.3 directly.
Necessity, i.e., if every nonoscillatory solution of (1.1) is bounded, so does (1.2). If we suppose that (1.2) has an unbounded nonoscillatory solution, then, from Theorem 2.2 and n > ~-(n), (1.1) has an unbounded nonoscillatory solution, which is a contradiction.
The proof is complete. | For m even, we are going to prove the equivalence of the oscillation of (I.I) and (1.2).
THEOREM 2.5. For m even, assume (H) holds, then, (1.1) is oscillatory, if and only if, (1.2) oscillates.
PROOF. Since In -~'(n)] < M, M is a positive integer. Set or(n) = n -M, s = ~(n), as before, we can obtain (2.19). Sufficiency, i.e., the oscillation of equation (1.2) implies that of (1.1). For the case ~-(n) > n, the conclusion follows from Corollary 2.1. For the case ~-(n) < n, the result follows from Theorem 2.3 directly.
Necessity, i.e., the oscillation of equation (1.1) implies that of (1.2). For n _> ~-(n), the result follows from Theorem 2. We discuss three possible cases. 
